The impact of two hard deformable spheres is revisited with the aim of investigating the constituent rigid body motions and indentation response of each sphere during collision. The latter are determined theoretically and the theoretical solutions are validated by comparing with numerical solutions of the coupled nonlinear dynamic models for impact of two hard deformable spheres. For elastic impact events, normalized tabulated solutions are derived using the Force Indentation Linearisation Method (FILM) and the tabulated solutions can be used to generate actual rigid body motions and indentation histories for each of the colliding spheres without need for numerical or finite element solutions. The analysis shows that the rigid body motion and local compliance response of each sphere depend on: (a) ratio of mass of sphere to effective mass of impact system, and (b) ratio of initial velocity of sphere to initial relative velocity of impact system. Finally, the 2-D collision problem is discussed and a simple procedure to determine the unique solution of all four unknowns is presented.
Introduction
Collision of rigid bodies is a phenomenon of immense engineering importance. Rigid body collisions occur in physical processes such as granular flow (Campbell, 2006) , multi-body dynamics (Machado et al., 2012) and projectile impact dynamics (Goldsmith, 2001) . A classical case, with general implications, used to study rigid body collisions is the impact of two deformable spheres. When two deformable spheres come into non-conformal contact at a relative velocity, a local deformation occurs in the region of contact. The kinetic energy of the relative velocity is converted to a compressive pressure that deforms the spheres during the impact loading stage. This continues until the relative velocity is zero and the total deformation is maximum; thereafter, the deformations on both spheres are reversed in the unloading stage. For elastic contact the reversal is complete, but for elastoplastic contact a permanent deformation is left on either or both spheres.
Experimental investigations on the impact of spheres have been conducted. Andrews (1930a) conducted pendulum experiments for the impact of two identical spheres in order to measure the contact duration, coefficient of restitution and permanent indentation during elastoplastic impact. Goldsmith (2001) summarized measurements of coefficient of restitution and contact duration for elastoplastic impact experiments conducted before 1960. Results for experiments on impact of identical spheres as well as spheres of different sizes and material composition were presented and discussed. More recent experiments on the impact of two identical spheres have been reported by Minamoto and Kawamura (2009; 2011) . Experimental results for coefficient of restitution and contact duration were reported for low-velocity impacts (Minamoto & Kawamura, 2009 ) and moderate-velocity impacts (Minamoto & Kawamura, 2011) , and the measurements were validated using FE simulation results. Also, experiments on impact of spheres on flat targets have been conducted (Kharaz & Gorham, 2000) and are a special case of impact of two spheres i.e. the flat target may be considered as a sphere of infinite radius. Experimental investigations are usually limited in the information that can be obtained, but are useful for validating theoretical and FE models, from which more details of the impact process can be realized.
Details of an impact event that are difficult to measure experimentally, such as indentation history, can be readily obtained by solving the theoretical models governing the impact event. Also, the theoretical approach is a cost effective means of analyzing impact problems. The theoretical models for the impact of two deformable spheres are normally formulated from the inertial equation accounting for the dynamics of the spheres and the contact model accounting for the local compliance of the spheres. The theoretical model for normal elastic impact of two deformable spheres has been discussed by Johnson (1985) and the solution of the relative response in terms of the total indentation and contact force histories were plotted in a normalized form. Andrews (1930b) proposed theoretical models for normal elastoplastic impact of two identical spheres and used the models to predict contact duration and permanent indentation. The theoretical predictions obtained by Andrews (1930b) agreed with experiments to which they were compared. Du and Wang (2009) presented theoretical models for elastoplastic impact of two deformable spheres and used the models to predict the final velocities of the spheres after impact. Du and Wang (2009) validated their models using predictions from FE simulations. The main limitation of the above theoretical studies is that they have been conducted only to determine the total compliance response without considering the constituent compliance response or rigid body motions.
During the impact process, each colliding sphere undergoes a local compliance and at the same time experiences a rigid body motion. Hence, we define the constituent response of each sphere as the compliance history (i.e. indentation/indentation rate) and rigid body motion (i.e. rigid body displacement/velocity) of the sphere that contributes to the total response of both spheres. The total response of both spheres consists of the relative rigid body motion which is identical to the total compliance response i.e. sum of the constituent compliance responses. To get a complete picture of the impact process of two hard deformable spheres, the constituent responses of each sphere must be known and is necessary for understanding of important physical processes. For example, it may be necessary to determine whether either or both colliding bodies undergo elastoplastic indentation during collision, and to know the extent of permanent indentation realized on each colliding body, if any. Hence, such information can assist to design experiments in which it is desired that one of the colliding bodies does not undergo elastoplastic indentation (Kharaz & Gorham, 2000) . Another situation where knowledge of the response of individual objects in collision is important is for accurate motion tracking of freely colliding particles as found in atomic collisions and granular flow processes. Finally, knowing the constituent responses of each sphere aids better understanding of the utilization mechanism of the total collision energy.
Studies to determine the constituent response histories during impact of two deformable spheres have not been conducted (Coaplen et al., 2004) . Theoretical models governing the impact dynamics of two spheres have been used only to determine the total compliance response (i.e. histories of total indentation and relative velocity) and other impact parameters that are directly obtained from the total compliance response (i.e. contact duration and impact force history). Theoretical or FE solutions for the constituent response histories of individual spheres during impact does not to appear in the literature except for the special case of two identical spheres (Andrews, 1930b) . Even for the case of identical spheres, the constituent rigid body motions of the spheres is yet to be investigated.
It is the intention of this paper to address this identified gap in the understanding of rigid body impact by presenting theoretical solutions for computing the constituent responses during binary impact of spheres. The main aim is not to present new impact models but to use existing models to determine and analyze the constituent response of each colliding sphere that determines the total response of both spheres. To achieve this, a recently developed analytical method is uniquely applied to provide solutions to the constituent compliance and rigid body response of each sphere. The analytical solution approach is demonstrated by considering elastic and elastoplastic impact case studies. Additionally, tabulated normalized solutions are derived to determine constituent responses during normal collision of two elastic spheres. The tabulated solutions can be easily used to generate actual impact profiles without need for FE solutions or numerical integration. Finally, solution to the 2-D collision problem is presented and discussed based on analysis of the constituent rigid body motions.
Dynamics of Normal Impact of Two Deformable Spheres
The present analysis is limited to the impact of two hard deformable spheres with smooth surface and experiencing a non-conformal contact during impact. More details on non-conformal contact can be found in Johnson (1985) . The scope of the present study does not cover collision of two soft spheres or hard-soft spheres. and , the total indentation, , and the impact force, ( ), which is estimated using a contact model. The impact of two deformable spheres gives rise to rigid body motions as well as local compliance in the contact region (see Figure 2) . The rigid body motions consist of the displacement and velocity of the center of mass of each sphere and those of the contact plane. The local compliance consists of the indentation and indentation rate on each sphere or the total of these. Whereas the local compliance are scalar quantities, the rigid body motions are vector quantities. The implication is that a sign convention is necessary for the rigid body motions. Two rigid body motions are distinguished, namely: constituent and relative motions. The former represents the motion of a sphere considered independent of the other colliding sphere, while the latter represents the motions of both spheres considered together. In the following analysis, two sign conventions are adopted for the direction of the rigid body motions depending on whether the frame of reference is the constituent motion of a sphere or the relative motion of both spheres. For the constituent motion, the direction is positive when the motion is towards the contact plane and negative when the motion is away from the contact plane. On the other hand, the direction of a motion in the relative case is positive when it is in the positive x-direction. The opposite direction is negative. During normal impact of two hard deformable spheres the total indentation, , is equal to the sum of the constituent indentations of both spheres i.e. = + (see Figures 1(d) and 2). The total indentation is also equal to the relative motion between the spheres and is expressed in terms of the displacements of the centers of mass of the spheres i.e. = + (see Figure 2 ), where the superscript indicates center of mass. This does not mean that = and = . The motion of the center of mass of each sphere is resisted by the impact force so that the acceleration of the center of mass is equal and opposite to the impact force. Hence, The local deformation of both spheres occurs at the plane of contact, which is the plane joining the surfaces of both spheres. The contact plane can be considered as the center of inertia of the impact system (Stronge, 2000) and moves at a constant velocity in the direction of the sphere with greater momentum. This motion is independent of the local compliance of the spheres (Stronge, 2000) and is determined from the momentum balance before and during collision as shown.
where is the contact plane velocity. Hence, the indentation and indentation rate of each sphere is determined as the relative motion between its center of mass and the contact plane i.e.
4b) where = 1, 2 for spheres 1 and 2. In equations (4a,b), the sign is negative if the contact plane and sphere are initially moving in the same direction otherwise it is positive.
Solution of Dynamic Models for Normal Impact of Two Deformable Spheres
Equations (1a,b) were solved analytically using the force-indentation linearisation method (FILM) and also numerically in order to validate the analytical solution. The FILM is much easier to implement compared to FE or numerical methods, and as is shown later in this section, is capable of uncoupling the dynamic equations for the rigid body motions of the spheres (i.e. equation (1a,b)); thereby making it easy to obtain solutions for the constituent responses of the spheres. The concept and formulation of the FILM are explained in Big-Alabo et al. (2015; 2017) and mer.ccsenet.org Mechanical Engineering Research Vol. 8, No. 1; 2018 are not repeated here for brevity. According to the FILM, the linearized impact force for each discretization of a nonlinear compliance model can be expressed as (Big-Alabo et al., 2017):
and are respectively the initial and end states of each discretization. Substituting equation (5) in (2),
The solution to equation (6) is given as 
Equations (3 -8) have been derived previously (Big-Alabo et al., 2015; 2017) and are used to determine the total compliance response of both spheres. Here the FILM is extended to determine the constituent responses of each sphere as follows. In equation (5), the linearized force is expressed in terms of the total indentation, but the solution of the total indentation as a function of time has been derived in equation (7a). Hence, substituting equation (7a) in (5) gives the linearized impact force for each discretization as an explicit function of time:
Using equation (9) in (1a,b), the uncoupled equations describing the rigid body motion of each sphere are:
) Direct integration of equation (10) gives the rigid body velocity and displacement as:
and
respectively, where
Applying equations (7a,b) in equations (11a,b) and noting that = / , the solution of the rigid body velocity and displacement of each sphere can be written more elegantly as shown.
The uncoupling of the rigid body response of each sphere was made possible because the FILM produces closed-form solutions that are explicit functions of time. An advantage of this is that the parameters that influence the constituent rigid body motions and compliance response of each sphere can be ascertained analytically. With the conventional numerical schemes, the response of each sphere cannot be uncoupled, the solution is more complicated and the parameters that influence the response of each sphere are difficult to determine.
Discussions of Results

Convergence of the FILM
Previous studies (Big-Alabo et al., 2015; 2017) have discussed the inherent stability and convergence ability of the FILM but the convergence rate has not been tested. The purpose of this section is to perform a convergence test of the FILM algorithm in order to establish its convergence rate. The convergence rate of the FILM algorithm is tested here using an elastic impact event, for which the impact force is estimated using the Hertz contact model Detailed convergence test was conducted by comparing the indentation response for = 1, = 3 and = 5. This test is illustrated in Figure 3 , which shows that the solution converges for = 5. Further comparison for = 5 and = 25, not shown here, reveals that there is no discernable improvement in the FILM solution for > 5. Note that the impact duration for = 25 is exactly the same as Goldsmith (2001) .
Normalized Response for Normal Elastic Impact of Two Deformable Spheres
The dynamic models for normal elastic impact of two spheres are standard models and therefore, the response solutions can be normalized. The benefit in doing this is that the normalized solution can be easily used to generate actual impact profiles without need for numerical integration or FE solutions. Although normalized solutions have been presented for the total compliance responses during elastic collision of two spheres (e.g. Johnson, 1985) 2018 7 been presented for the constituent rigid body motions. The development of the tabulated normalized solutions for the constituent rigid body motions during elastic collision of two spheres is one of the main contributions of the present study. Tables A1 and A2 (see appendix) are tabulated normalized solutions for the total compliance response and the rigid body motions. These tabulated solutions were generated using = 25 and by extracting an additional solution at the mid-point of the time interval of the 25 th discretization.
The normalized total compliance responses are determined as: / , = ± 1 − ( / ) / / ; / = / and / = ( / ) / , whereas the normalized rigid body motions are determined as:
where ̅ = , / and ̅ = , / are calculated using equations (8) and (13).
Columns 4 and 5 of Tables A1 and A2 show that the constituent rigid body motions, and by implication the constituent compliance responses (see equations (4a,b)), depend on two ratios namely: (a) ratio of mass of sphere to effective mass of impact system, and (b) ratio of initial velocity of the sphere to initial relative velocity. Furthermore, the last row of Table A1 shows that the maximum indentation on each sphere can be calculated as:
When the indentations on both spheres is maximum the rigid body velocities are equal to the contact plane velocity, so that the indentation rates of the spheres are momentarily equal to zero. This condition implies that − ( ⁄ ) , = ∓ . The validity and applicability of the normalized tables is demonstrated with an elastic impact case study discussed next. The initial velocities of the spheres were chosen so that the initial relative velocity (or impact velocity) is within the limit of elastic collision. Stronge's formulation for calculating the impact velocity that would cause yield (Stronge, 2000) was used to ensure the initial velocities of the spheres would result in elastic collision only.
Example on Normal Elastic Impact of Two Deformable Spheres
Figures 4 and 5 show the rigid body motions obtained using the tabulated solutions and numerical integration carried out in Mathematica™. The tabulated solutions were implemented using a customized MS Excel spreadsheet. On the other hand, the numerical integration results were obtained by solving equation (2) first and using the solution of equation (2) to get the impact force solution. The latter was then substituted into equations (1a,b) before integrating numerically to get the solution of the rigid body motions. Both solution methods are shown produce matching results thus validating the tabulated solutions. These results predict that each sphere has undergone a rigid body displacement of 1.047[ ] at the end of impact process. Though the rigid body displacements at the end of the impact process for this example seems negligible, the present observation that binary collision results in rigid body displacements is contrary to the usual assumption that the colliding spheres are momentarily stationary during impact (Chatterjee, 1997) . For instance, if spheres 1 and 2 are considered to move initially in the negative x-direction with velocities of 100.0125[ / ] and 100.0[ / ] respectively, so that the initial impact velocity remains 12.5 [ / ] , then simulation of the rigid body displacements predicts that both spheres have been displaced by 17.131[ ] from their initial position of contact and in the same direction as their initial direction. These rigid body displacements are significant and cannot be neglected as assumed in the classical rigid body theory (Chatterjee, 1997) . In fact, the tabulated solutions (see last row of column 4 of Table A2) show that the higher the values of the ratios / , and ⁄ , the greater the final rigid body displacement of sphere . The two elastic collision problems discussed above have the same initial impact velocity i.e. 12.5[ / ] and therefore, have the same compliance response. Figures 6 and 7 show the compliance responses and confirms that the sum of the constituent compliance responses is equal to the corresponding total compliance response. On the other hand, Figure 8 shows the momentum profiles of the impact process for the first elastic collision problem. It is observed that the total momentum of both spheres is conserved throughout the impact process. 
Example on Normal Elastoplastic Impact of Two Deformable Spheres
To illustrate elastoplastic impact analysis, the contact model of Du and Wang (2009) The rigid body displacements and constituent indentation responses are plotted in Figure 9 whereas the rigid body velocities and constituent indentation rates are plotted in Figure 10 . The results predict that sphere 1 is displaced 44.61[ ] to the right of its initial position of contact (see Figure 9 ) and has a final velocity of 1.40[ / ] opposite to its initial velocity (see Figure 10 ), while sphere 2 is displaced 49.03[ ] to the right of its initial position of contact (see Figure 9 ) and has a final velocity of 0.54 [ / ] in the same direction as its initial velocity (see Figure 10) . Again, this confirms that the spheres are not stationary during impact. These results show that sphere 1 experiences a higher permanent indentation than sphere 2 and the reason is because a higher initial momentum impacts on sphere 1 compared to the initial momentum that impacts on sphere 2 (see Figure 11 ). The momentum profile in Figure 11 also show that conservation of momentum is not influenced by plastic indentation or the local compliance response. This observation is in agreement with previous collision theory (Stronge, 2000) . The 2-D collision problem is one in which two rigid spheres moving in a plane come into collision at an initial angle (see Figures 12a ) and separate after collision at a final angle (see Figures 12b) . The initial velocities ( and ) and angles ( and ) are known from the problem statement while the final velocities ( and ) and angles ( and ) are to be determined. Four simultaneous equations are needed to determine the unique solutions to the four unknowns. Based on the widely used classical approach, which is formulated using the rigid body motions before and after collision, the conservation of momentum principle produces two equations (see equations (17a,b)) whereas the conservation of kinetic energy principle produces the third equation (see equation (17c)). Equation (17c) is only applicable to elastic collisions. For elastoplastic collisions, the kinetic energy is not conserved due to dissipation of energy for plastic indentation. The 2-D collision problem discussed here considers only translational motions and assumes that the rotational motions are negligible.
The limitation of the classical approach in solving the 2-D collision problem is immediately obvious because it cannot define the required fourth equation. An alternative approach proposed here is to consider the rigid body motions during collision. Hitherto, the constituent rigid body motions during collision have not been investigated. However, analytical solutions for the constituent rigid body motions during collision have been developed in the present study (see equations (12a,b)) and can be applied to solve the 2-D collision problem as discussed next.
Solution to 2-D collision problem
The initial velocity of each sphere can be resolved into normal and tangential components relative to the contact plane. The angles of the initial velocities relative to the contact normal can be used to determine the resolved components. In Figure 12a , these angles are shown using double arcs and are equal to − and + for and respectively; where = tan [( − ) ( − ) ⁄ ] is the inclination of the normal relative to the x-axis. During collision, the position vectors for the centers of mass of the spheres change due rigid body displacement but is unchanged.
From Figure 12a , the normal components of the initial velocities are:
( 1 8 a ) = cos( + ) (18b) while the tangential components are:
( 1 9 for spheres 1 and 2 respectively, while the calculated final angles relative to the positive x-axis are 97.11° and −6.26° for spheres 1 and 2 respectively. The calculated final velocities and angles satisfy the conservative equations of the classical approach (i.e. equations (17a-c)) perfectly and are therefore accurate.
Conclusions
In this paper, analytical solutions have been developed to determine the constituent responses of each sphere during normal binary impact of hard deformable spheres. The analytical solutions are applicable to both elastic and elastoplastic collisions and are implemented with the same relative easy irrespective of the complexity of the contact model used to estimate the local compliance. For elastic collisions, tabulated solutions of normalized responses were derived that can be easily used to generate actual impact profiles. Furthermore, the unique solution of all four unknowns of the 2-D collision problem is presented based on the analytical solution of the constituent rigid body motions.
The present analysis reveals that the constituent response of each sphere depends on two parameters, namely: (a) ratio of mass of sphere to effective mass of impact system, and (b) ratio of initial velocity of sphere to initial relative velocity. Contrary to widely held believe that the spheres are stationary during collision, the present study shows that the spheres undergo rigid body displacements that cause them to change their position during collision. It was also observed that the total momentum of the impact system is conserved throughout the impact process and is independent of the local compliance.
This study focuses on the collision period and improves understanding of the phenomenon of rigid body collision. The present study is important for the following reasons:
1) It can be used to determine the indentation response of each body in a binary collision and to predict the permanent indentation realised on each body, if any. Such information can assist to design experiments in which it is desired that one of the colliding bodies does not undergo elastoplastic indentation (Kharaz and Gorham, 2000) .
2) It provides information for accurate motion tracking of freely colliding particles as found in atomic collisions and granular flow processes. The analysis presented in this paper shows that the colliding spheres undergo individual rigid body motions and the extent of these motions can be estimated.
3) The energy utilisation mechanism of the collision process can now be understood better because the constituent local compliance and rigid body motions can be determined based on present study. This means that the energy absorbed by each sphere for its local indentation and the energy utilised by each sphere for its rigid body motion can be analysed.
4) The solution of the rigid body motions makes it possible to obtain unique solutions for 2-D elastic and elastoplastic collision problems.
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